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ITERATION COMPLEXITY ANALYSIS OF RANDOM
COORDINATE DESCENT METHODS FOR ℓ0 REGULARIZED
CONVEX PROBLEMS
ANDREI PATRASCU AND ION NECOARA ∗
Abstract. In this paper we analyze a family of general random block coordinate descent methods
for the minimization of ℓ0 regularized optimization problems, i.e. the objective function is composed
of a smooth convex function and the ℓ0 regularization. Our family of methods covers particular
cases such as random block coordinate gradient descent and random proximal coordinate descent
methods. We analyze necessary optimality conditions for this nonconvex ℓ0 regularized problem and
devise a separation of the set of local minima into restricted classes based on approximation versions
of the objective function. We provide a unified analysis of the almost sure convergence for this
family of block coordinate descent algorithms and prove that, for each approximation version, the
limit points are local minima from the corresponding restricted class of local minimizers. Under the
strong convexity assumption, we prove linear convergence in probability for our family of methods.
Key words. ℓ0 regularized convex problems, Lipschitz gradient, restricted classes of local
minima, random coordinate descent methods, iteration complexity analysis.
1. Introduction. In this paper we analyze the properties of local minima and
devise a family of random block coordinate descent methods for the following ℓ0
regularized optimization problem:
(1.1) min
x∈Rn
F (x) (= f(x) + ‖x‖0,λ) ,
where function f is smooth and convex and the quasinorm of x is defined as:
‖x‖0,λ =
N∑
i=1
λi‖xi‖0,
where ‖xi‖0 is the quasinorm which counts the number of nonzero components in the
vector xi ∈ Rni , which is the ith block component of x, and λi ≥ 0 for all i = 1, . . . , N .
Note that in this formulation we do not impose sparsity on all block components of x,
but only on those ith blocks for which the corresponding penalty parameter λi > 0.
However, in order to avoid the convex case, intensively studied in the literature, we
assume that there is at least one i such that λi > 0.
In many applications such as compressed sensing [6, 7], sparse support vector ma-
chines [1], sparse nonnegative factorization [9], sparse principal component analy-
sis [13] or robust estimation [14] we deal with a convex optimization problem for
which we like to get an (approximate) solution, but we also desire a solution which
has the additional property of sparsity (it has few nonzero components). The typ-
ical approach for obtaining a sparse minimizer of an optimization problem involves
minimizing the number of nonzero components of the solution. In the literature for
sparse optimization two formulations are widespread: (i) the regularized formulation
obtained by adding an ℓ0 regularization term to the original objective function as in
(1.1); (ii) the sparsity constrained formulation obtained by including an additional
constraint on the number of nonzero elements of the variable vector. However, both
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formulations are hard combinatorial problems, since solving them exactly would re-
quire to try all possible sparse patterns in a brute-force way. Moreover, there is no
clear equivalence between them in the general case.
Several greedy algorithms have been developed in the last decade for the sparse linear
least squares setting under certain restricted isometry assumptions [1,6,7]. In particu-
lar, the iterative hard thresholding algorithm has gained a lot of interest lately due to
its simple iteration [6]. Recently, in [15], a generalization of the iterative hard thresh-
olding algorithm has been given for general ℓ0 regularized convex cone programming.
The author shows linear convergence of this algorithm for strongly convex objective
functions, while for general convex objective functions the author considers the min-
imization over a bounded box set. Moreover, since there could be an exponential
number of local minimizers for the ℓ0 regularized problem, there is no characteriza-
tion in [15] of the local minima at which the iterative hard thresholding algorithm
converges. Further, in [17], penalty decomposition methods were devised for both
regularized and constrained formulations of sparse nonconvex problems and conver-
gence analysis was provided for these algorithms. Analysis of sparsity constrained
problems were provided e.g. in [3], where the authors introduced several classes of
stationary points and developed greedy coordinate descent algorithms converging to
different classes of stationary points. Coordinate descent methods are used frequently
to solve sparse optimization problems [2,3,16,21,22] since they are based on the strat-
egy of updating one (block) coordinate of the vector of variables per iteration using
some index selection procedure (e.g. cyclic, greedy or random). This often reduces
drastically the iteration complexity and memory requirements, making these meth-
ods simple and scalable. There exist numerous papers dealing with the convergence
analysis of this type of methods: for deterministic index selection see [4,12,18], while
for random index selection see [16, 20, 22, 23, 25, 27, 28].
1.1. Main contribution. In this paper we analyze a family of general random
block coordinate descent iterative hard thresholding based methods for the minimiza-
tion of ℓ0 regularized optimization problems, i.e. the objective function is composed of
a smooth convex function and the ℓ0 regularization. The family of the algorithms we
consider takes a very general form, consisting in the minimization of a certain approx-
imate version of the objective function one block variable at a time, while fixing the
rest of the block variables. Such type of methods are particularly suited for solving
nonsmooth ℓ0 regularized problems since they solve an easy low dimensional problem
at each iteration, often in closed form. Our family of methods covers particular cases
such as random block coordinate gradient descent and random proximal coordinate
descent methods. We analyze necessary optimality conditions for this nonconvex ℓ0
regularized problem and devise a procedure for the separation of the set of local min-
ima into restricted classes based on approximation versions of the objective function.
We provide a unified analysis of the almost sure convergence for this family of random
block coordinate descent algorithms and prove that, for each approximation version,
the limit points are local minima from the corresponding restricted class of local
minimizers. Under the strong convexity assumption, we prove linear convergence in
probability for our family of methods. We also provide numerical experiments which
show the superior behavior of our methods in comparison with the usual iterative
hard thresholding algorithm.
1.2. Notations and preliminaries. We consider the space Rn composed by
column vectors. For x, y ∈ Rn denote the scalar product by 〈x, y〉 = xT y and the Eu-
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clidean norm by ‖x‖ =
√
xTx. We use the same notation 〈·, ·〉 (‖·‖) for scalar product
(norm) in spaces of different dimensions. For any matrix A ∈ Rm×n we use σmin(A)
for the minimal eigenvalue of matrix A. We use the notation [n] = {1, 2, . . . , n} and
e = [1 · · · 1]T ∈ Rn. In the sequel, we consider the following decompositions of the
variable dimension and of the n× n identity matrix:
n =
N∑
i=1
ni, In = [U1 . . . UN ] , In =
[
U(1) . . . U(n)
]
,
where Ui ∈ Rn×ni and U(j) ∈ Rn for all i ∈ [N ] and j ∈ [n]. If the index set
corresponding to block i is given by Si, then |Si| = ni. Given x ∈ Rn, then for any
i ∈ [N ] and j ∈ [n], we denote:
xi = U
T
i x ∈ Rni , ∇if(x) = UTi ∇f(x) ∈ Rni ,
x(j) = U
T
(j)x ∈ R, ∇(j)f(x) = UT(j)∇f(x) ∈ R.
For any vector x ∈ Rn, the support of x is given by supp(x), which denotes the set of
indices corresponding to the nonzero components of x. We denote x¯ = max
j∈supp(x)
|x(j)|
and x = min
j∈supp(x)
|x(j)|. Additionally, we introduce the following set of indices:
I(x) = supp(x) ∪ {j ∈ [n] : j ∈ Si, λi = 0}
and Ic(x) = [n]\I(x). Given two scalars p ≥ 1, r > 0 and x ∈ Rn, the p−ball of
radius r and centered in x is denoted by Bp(x, r) = {y ∈ Rn : ‖y − x‖p < r}. Let
I ⊆ [n] and denote the subspace of all vectors x ∈ Rn satisfying I(x) ⊆ I with SI , i.e.
SI = {x ∈ Rn : xi = 0 ∀i /∈ I}.
We denote with f∗ the optimal value of the convex problem f∗ = minx∈Rn f(x) and its
optimal set with X∗f = {x ∈ Rn : ∇f(x) = 0}. In this paper we consider the following
assumption on function f :
Assumption 1.1. The function f has (block) coordinatewise Lipschitz continuous
gradient with constants Li > 0 for all i ∈ [N ], i.e. the convex function f satisfies the
following inequality for all i ∈ [N ]:
‖∇if(x+ Uihi)−∇if(x)‖ ≤ Li‖hi‖ ∀x ∈ Rn, hi ∈ Rni .
An immediate consequence of Assumption 1.1 is the following relation [25]:
(1.2) f(x+ Uihi) ≤ f(x) + 〈∇if(x), hi〉+ Li
2
‖hi‖2 ∀x ∈ Rn, hi ∈ Rni .
We denote with λ = [λ1 · · ·λN ]T ∈ RN , L = [L1 · · ·LN ]T and Lf the global Lipschitz
constant of the gradient ∇f(x). In the Euclidean settings, under Assumption 1.1 a
tight upper bound of the global Lipschitz constant is Lf ≤
∑N
i=1 Li (see [25, Lemma
2]). Note that a global inequality based on Lf , similar to (1.2), can be also derived.
Moreover, we should remark that Assumption 1.1 has been frequently considered in
coordinate descent settings (see e.g. [20–23,25, 28]).
2. Characterization of local minima. In this section we present the necessary
optimality conditions for problem (1.1) and provide a detailed description of local
minimizers. First, we establish necessary optimality conditions satisfied by any local
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minimum. Then, we separate the set of local minima into restricted classes around
the set of global minimizers. The next theorem provides conditions for obtaining local
minimizers of problem (1.1):
Theorem 2.1. If Assumption 1.1 holds, then any z ∈ Rn\{0} is a local minimizer
of problem (1.1) on the ball B∞(z, r), with r = min
{
z, λ‖∇f(z)‖1
}
, if and only if z is
a global minimizer of convex problem min
x∈SI(z)
f(x). Moreover, 0 is a local minimizer
of problem (1.1) on the ball B∞
(
0,
mini∈[N ] λi
‖∇f(z)‖1
)
provided that 0 6∈ X∗f , otherwise is a
global minimizer for (1.1).
Proof. For the first implication, we assume that z is a local minimizer of problem
(1.1) on the open ball B∞(z, r), i.e. we have:
f(z) ≤ f(y) ∀y ∈ B∞(z, r) ∩ SI(z).
Based on Assumption 1.1 it follows that f has also global Lipschitz continuous gra-
dient, with constant Lf , and thus we have:
f(z) ≤ f(y) ≤ f(z) + 〈∇f(z), y − z〉+ Lf
2
‖y − z‖2 ∀y ∈ B∞(z, r) ∩ SI(z).
Taking α = min{ 1Lf ,
r
max
j∈I(z)
|∇(j)f(z)|} and y = z − α∇I(z)f(z), we obtain:
0 ≤
(
α2
2Lf
− α
Lf
)
‖∇I(z)f(z)‖2 ≤ 0.
Therefore, we have ∇I(z)f(z) = 0, which means that:
(2.1) z = arg min
x∈SI(z)
f(x).
For the second implication we first note that for any y, d ∈ Rn, with y 6= 0 and
‖d‖∞ < y, we have:
(2.2) |y(i) + d(i)| ≥ |y(i)| − |d(i)| ≥ y − ‖d‖∞ > 0 ∀i ∈ supp(y).
Clearly, for any d ∈ B∞(0, r)\SI(y), with r = y, we have:
‖y + d‖0,λ = ‖y‖0,λ +
∑
i∈Ic(y)∩supp(d)
‖d(i)‖0,λ ≥ ‖y‖0,λ + λ.
Let d ∈ B∞(0, r)\SI(y), with r = min
{
y, λ‖∇f(y)‖1
}
. The convexity of function f and
the Holder inequality lead to:
F (y + d) ≥ f(y) + 〈∇f(y), d〉+ ‖y + d‖0,λ
≥ F (y)− ‖∇f(y)‖1‖d‖∞ + λ ≥ F (y) ∀y ∈ Rn.(2.3)
We now assume that z satisfies (2.1). For any x ∈ B∞(z, r)∩SI(z) we have ‖x−z‖∞ <
z, which by (2.2) implies that |x(i)| > 0 whenever |z(i)| > 0. Therefore, we get:
F (x) = f(x) + ‖x‖0,λ ≥ f(z) + ‖z‖0,λ = F (z),
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and combining with the inequality (2.3) leads to the second implication. Fur-
thermore, if 0 6∈ X∗f , then ∇f(0) 6= 0. Assuming that mini∈[N ] λi > 0, then
F (x) ≥ f(0) + 〈∇f(0), x〉 + ‖x‖0,λ ≥ F (0) − ‖∇f(0)‖1‖x‖∞ + mini∈[N ] λi ≥ F (0)
for all x ∈ B∞
(
0,
mini∈[N ] λi
‖∇f(z)‖1
)
. If 0 ∈ X∗f , then ∇f(0) = 0 and thus F (x) ≥
f(0) + 〈∇f(0), z〉+ ‖x‖0,λ ≥ F (0) for all x ∈ Rn.
From Theorem 2.1 we conclude that any vector z ∈ Rn is a local minimizer of problem
(1.1) if and only if the following equality holds:
∇I(z)f(z) = 0.
We denote with Tf the set of all local minima of problem (1.1), i.e.
Tf =
{
z ∈ Rn : ∇I(z)f(z) = 0
}
,
and we call them basic local minimizers. It is not hard to see that when the function
f is strongly convex, the number of basic local minima of problem (1.1) is finite,
otherwise we might have an infinite number of basic local minimizers.
2.1. Strong local minimizers. In this section we introduce a family of strong
local minimizers of problem (1.1) based on an approximation of the function f . It
can be easily seen that finding a basic local minimizer is a trivial procedure e.g.: (a)
if we choose some set of indices I ⊆ [n] such that {j ∈ [n] : j ∈ Si, λi = 0} ⊆ I,
then from Theorem 2.1 the minimizer of the convex problem minx∈SI f(x) is a basic
local minimizer for problem (1.1); (b) if we minimize the convex function f w.r.t. all
blocks i satisfying λi = 0, then from Theorem 2.1 we obtain again some basic local
minimizer for (1.1). This motivates us to introduce more restricted classes of local
minimizers. Thus, we first define an approximation version of function f satisfying
certain assumptions. In particular, given i ∈ [N ] and x ∈ Rn, the convex function
ui : R
ni → R is an upper bound of function f(x+ Ui(yi − xi)) if it satisfies:
(2.4) f(x+ Ui(yi − xi)) ≤ ui(yi;x) ∀yi ∈ Rni .
We additionally impose the following assumptions on each function ui.
Assumption 2.2. The approximation function ui satisfies the assumptions:
(i) The function ui(yi;x) is strictly convex and differentiable in the first argument, is
continuous in the second argument and satisfies ui(xi;x) = f(x) for all x ∈ Rn.
(ii) Its gradient in the first argument satisfies ∇ui(xi;x) = ∇if(x) ∀x ∈ Rn.
(iii) For any x ∈ Rn, the function ui(yi;x) has Lipschitz continuous gradient in the
first argument with constant Mi > Li, i.e. there exists Mi > Li such that:
‖∇ui(yi;x)−∇ui(zi;x)‖ ≤Mi‖yi − zi‖ ∀yi, zi ∈ Rni .
(iv) There exists µi such that 0 < µi ≤Mi − Li and
ui(yi;x) ≥ f(x+ Ui(yi − xi)) + µi
2
‖yi − xi‖2 ∀x ∈ Rn, yi ∈ Rni .
Note that a similar set of assumptions has been considered in [12], where the authors
derived a general framework for the block coordinate descent methods on composite
convex problems. Clearly, Assumption 2.2 (iv) implies the upper bound (2.4) and
in [12] this inequality is replaced with the assumption of strong convexity of ui in the
first argument.
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We now provide several examples of approximation versions of the objective function
f which satisfy Assumption 2.2.
Example 2.3. We now provide three examples of approximation versions for
the function f . The reader can easily find many other examples of approximations
satisfying Assumption 2.2.
1. Separable quadratic approximation: given M ∈ RN , such that Mi > Li for all
i ∈ [N ], we define the approximation version
uqi (yi;x,Mi) = f(x) + 〈∇if(x), yi − xi〉+
Mi
2
‖yi − xi‖2.
It satisfies Assumption 2.2, in particular condition (iv) holds for µi = Mi − Li.
This type of approximations was used by Nesterov for deriving the random coordinate
gradient descent method for solving smooth convex problems [25] and further extended
to the composite convex case in [22,28].
2. General quadratic approximation: given Hi  0, such that Hi ≻ LiIni for all
i ∈ [N ], we define the approximation version
uQi (yi;x,Hi) = f(x) + 〈∇if(x), yi − xi〉+
1
2
〈yi − xi, Hi(yi − xi)〉.
It satisfies Assumption 2.2, in particular condition (iv) holds for µi = σmin(Hi−LiIni)
(the smallest eigenvalue). This type of approximations was used by Luo, Yun and
Tseng in deriving the greedy coordinate descent method based on the Gauss-Southwell
rule for solving composite convex problems [18,19,29].
3. Exact approximation: given β ∈ RN , such that βi > 0 for all i ∈ [N ], we define
the approximation version
uei (yi;x, β) = f(x+ Ui(yi − xi)) +
βi
2
‖yi − xi‖2.
It satisfies Assumption 2.2, in particular condition (iv) holds for µi = βi. This type
of approximation functions was used especially in the nonconvex settings [10,12].
Based on each approximation function ui satisfying Assumption 2.2, we introduce a
class of restricted local minimizers for our nonconvex optimization problem (1.1).
Definition 2.4. For any set of approximation functions ui satisfying Assumption
2.2, a vector z is called an u-strong local minimizer for problem (1.1) if it satisfies:
F (z) ≤ min
yi∈Rni
ui(yi; z) + ‖z + Ui(yi − zi)‖0,λ ∀i ∈ [N ].
Moreover, we denote the set of strong local minima, corresponding to the approxima-
tion functions ui, with Lu.
It can be easily seen that
min
yi∈Rni
ui(yi; z) + ‖z + Ui(yi − zi)‖0,λ
yi=zi≤ ui(zi; z) + ‖z‖0,λ = F (z)
and thus an u-strong local minimizer z ∈ Lu, has the property that each block zi is a
fixed point of the operator defined by the minimizers of the function ui(yi; z)+λi‖yi‖0,
i.e. we have for all i ∈ [N ]:
zi = arg min
yi∈Rni
ui(yi; z) + λi‖yi‖0.
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Theorem 2.5. Let the set of approximation functions ui satisfy Assumption
2.2, then any u−strong local minimizer is a local minimum of problem (1.1), i.e. the
following inclusion holds:
Lu ⊆ Tf .
Proof. From Definition 2.4 and Assumption 2.2 we have:
F (z) ≤ min
yi∈Rni
ui(yi; z) + ‖z + Ui(yi − zi)‖0,λ
≤ min
yi∈Rni
ui(zi; z) + 〈∇ui(zi; z), yi − zi〉+ Mi
2
‖yi − zi‖2 + ‖z + Ui(yi − zi)‖0,λ
= min
yi∈Rni
F (z) + 〈∇if(z), yi − zi〉+ Mi
2
‖yi − zi‖2 + λi(‖yi‖0 − ‖zi‖0)
≤ F (z) + 〈∇if(z), hi〉+ Mi
2
‖hi‖2 + λi(‖zi + hi‖0 − ‖zi‖0)
for all hi ∈ Rni and i ∈ [N ]. Choosing now hi as follows:
hi = − 1
Mi
U(j)∇(j)f(z) for some j ∈ I(z) ∩ Si,
we have from the definition of I(z) that
λi(‖zi + hi‖0 − ‖zi‖0) ≤ 0
and thus 0 ≤ − 12Mi ‖∇(j)f(z)‖2 or equivalently ∇(j)f(z) = 0. Since this holds for any
j ∈ I(z) ∩ Si, it follows that z satisfies ∇I(z)f(z) = 0. Using now Theorem 2.1 we
obtain our statement.
For the three approximation versions given in Example 2.3 we obtain explicit ex-
pressions for the corresponding u-strong local minimizers. In particular, for some
M ∈ RN++ and i ∈ [N ], if we consider the previous separable quadratic approximation
uqi (yi;x,Mi), then any strong local minimizer z ∈ Luq satisfies the following relations:
(i) ∇I(z)f(z) = 0 and additionally
(ii)
{|∇(j)f(z)| ≤ √2λiMi, if z(j) = 0
|z(j)| ≥
√
2λi
Mi
, if z(j) 6= 0, ∀i ∈ [N ] and j ∈ Si.
The relations given in (ii) can be derived based on the separable structure of the
approximation uqi (yi;x,Mi) and of the quasinorm ‖ · ‖0 using similar arguments as in
Lemma 3.2 from [15]. For completeness, we present the main steps in the derivation.
First, it is clear that any z ∈ Luq satisfies:
(2.5) z(j) = arg min
y(j)∈R
∇(j)f(z)(y(j) − z(j)) +
Mi
2
|y(j) − z(j)|2 + λi‖y(j)‖0
for all j ∈ Si and i ∈ [N ]. On the other hand since the optimum point in the previous
optimization problems can be 0 or different from 0, we have:
min
y(j)∈R
∇(j)f(z)(y(j) − z(j)) +
Mi
2
|y(j) − z(j)|2 + λi‖y(j)‖0
= min
{
Mi
2
|z(j) −
1
Mi
∇(j)f(z)|2 −
1
2Mi
|∇(j)f(z)|2, λi −
1
2Mi
|∇(j)f(z)|2
}
.
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If z(j) = 0, then from fixed point relation of problem (2.5) and the expression for its op-
timal value we have Mi2 |z(j)− 1Mi∇(j)f(z)|2− 12Mi |∇(j)f(z)|2 ≤ λi− 12Mi |∇(j)f(z)|2 and
thus |∇(j)f(z)| ≤
√
2λiMi. Otherwise, we have j ∈ I(z) such that from Theorem 2.1
we have ∇(j)f(z) = 0 and combining with Mi2 |z(j)− 1Mi∇(j)f(z)|2− 12Mi |∇(j)f(z)|2 ≥
λi− 12Mi |∇(j)f(z)|2 leads to |z(j)| ≥
√
2λi
Mi
. Similar derivations as above can be derived
for the general quadratic approximations uQi (yi;x,Hi) provided that Hi is diagonal
matrix. For general matrices Hi, the corresponding strong local minimizers are fixed
points of small ℓ0 regularized quadratic problems of dimensions ni.
Finally, for some β ∈ RN++ and i ∈ [N ], considering the exact approximation
uei (yi;x, βi) we obtain that any corresponding strong local minimizer z ∈ Lue sat-
isfies:
zi = arg min
hi∈Rni
F (z + Uihi) +
βi
2
‖hi‖2 ∀i ∈ [N ].
Theorem 2.6. Let Assumption 1.1 hold and u1, u2 be two approximation func-
tions satisfying Assumption 2.2. Additionally, let
u1(yi;x) ≤ u2(yi;x), ∀yi ∈ Rni , x ∈ Rn, i ∈ [N ].
Then the following inclusions are valid:
X ∗ ⊆ Lu1 ⊆ Lu2 ⊆ Tf .
Proof. Assume z ∈ X ∗, i.e. it is a global minimizer of our original nonconvex
problem (1.1). Then, we have:
F (z) ≤ min
yi∈Rni
F (z + Ui(yi − zi))
= min
yi∈Rni
f(z + Ui(yi − zi)) + λi‖yi‖0 +
∑
j 6=i
λj‖zj‖0
≤ min
yi∈Rni
u1i (yi; z) + ‖z + Ui(yi − zi)‖0,λ ∀i ∈ [N ],
and thus z ∈ Lu1 , i.e. we proved that X ∗ ⊆ Lu1 . Therefore, any class of u-strong
local minimizers contains the global minima of problem (1.1).
Further, let us take z ∈ Lu1 . Using Definition (2.4) and defining
ti = arg min
yi∈Rni
u2i (yi; z) + ‖z + Ui(yi − zi)‖0,λ,
we get:
F (z) ≤ min
yi∈Rni
u1i (yi; z) + ‖z + Ui(yi − zi)‖0,λ
≤ u1i (ti; z) + ‖z + Ui(ti − zi)‖0,λ
≤ u2i (ti; z) + ‖z + Ui(ti − zi)‖0,λ
= min
yi∈Rni
u2i (yi; z) + ‖z + Ui(yi − zi)‖0,λ.
This shows that z ∈ Lu2 and thus Lu1 ⊆ Lu2 .
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Note that if the following inequalities hold
(Li + βi)Ini  Hi MiIni ∀i ∈ [N ],
using the Lipschitz gradient relation (1.2), we obtain that
uei (yi;x, βi) ≤ uQi (yi;x,Hi) ≤ uqi (yi;x,Mi) ∀x ∈ Rn, yi ∈ Rni .
Therefore, from Theorem 2.6 we observe that uq (uQ)-strong local minimizers for
problem (1.1) are included in the class of all basic local minimizers Tf . Thus, designing
an algorithm which converges to a local minimum from Luq (LuQ) will be of interest.
Moreover, ue-strong local minimizers for problem (1.1) are included in the class of all
uq (uQ)-strong local minimizers. Thus, designing an algorithm which converges to a
local minimum from Lue will be of interest. To illustrate the relationships between
the previously defined classes of restricted local minima and see how much they are
related to global minima of (1.1), let us consider an example.
Example 2.7. We consider the least square settings f(x) = ‖Ax − b‖2, where
A ∈ Rm×n and b ∈ Rm satisfying:
A =


1 α1 · · · αn1
1 α2 · · · αn2
1 α3 · · · αn3
1 α4 · · · αn4

+ [pI4 O4,n−4] , b = qe,
with e ∈ R4 the vector having all entries 1. We choose the following parameter values:
α = [1 1.1 1.2 1.3]T , n = 7, p = 3.3, q = 25, λ = 1 and βi = 0.0001 for all i ∈ [n].
We further consider the scalar case, i.e. ni = 1 for all i. In this case we have that
uqi = u
Q
i , i.e. the separable and general quadratic approximation versions coincide.
The results are given in Table 2.1. From 128 possible local minima, we found 19 local
minimizers in Luq given by uqi (yi;x, Lf), and only 6 local minimizers in Luq given by
uqi (yi;x, Li). Moreover, the class of u
e-strong local minima Lue given by uei (yi;x, βi)
contains only one vector which is also the global optimum of problem (1.1), i.e. in this
case Lue = X ∗. From Table 2.1 we can clearly see that the newly introduced classes
of local minimizers are much more restricted (in the sense of having small number of
elements, close to that of the set of global minimizers) than the class of basic local
minimizers that is much larger.
Table 2.1
Strong local minima distribution on a least square example.
Class of local minima Tf
Luq
uqi (yi;x, Lf )
Luq
uqi (yi;x, Li)
Lue
uei (yi;x, βi)
Number of local minima 128 19 6 1
3. Random coordinate descent type methods. In this section we present
a family of random block coordinate descent methods suitable for solving the class
of problems (1.1). The family of the algorithms we consider takes a very general
form, consisting in the minimization of a certain approximate version of the objective
function one block variable at a time, while fixing the rest of the block variables.
Thus, these algorithms are a combination between an iterative hard thresholding
scheme and a general random coordinate descent method and they are particularly
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suited for solving nonsmooth ℓ0 regularized problems since they solve an easy low
dimensional problem at each iteration, often in closed form. Our family of methods
covers particular cases such as random block coordinate gradient descent and random
proximal coordinate descent methods.
Let x ∈ Rn and i ∈ [N ]. Then, we introduce the following thresholding map for a
given approximation version u satisfying Assumption 2.2:
T ui (x) = arg min
yi∈Rni
ui(yi;x) + λi‖yi‖0.
In order to find a local minimizer of problem (1.1), we introduce the family of ran-
dom block coordinate descent iterative hard thresholding (RCD-IHT) methods, whose
iteration is described as follows:
Algorithm (RCD-IHT).
1. Choose x0 ∈ Rn and approximation version u satisfying Assumption 2.2. For
k ≥ 0 do:
2. Choose a (block) coordinate ik ∈ [N ] with uniform probability
3. Set xk+1ik = T
u
ik
(xk) and xk+1i = x
k
i ∀i 6= ik.
Note that our algorithm is directly dependent on the choice of approximation u and
the computation of the operator T ui (x) is in general easy, sometimes even in closed
form. For example, when ui(yi;x) = u
q
i (yi;x,Mi) and ∇ikf(xk) is available, we can
easily compute the closed form solution of T uik(x
k) as in the iterative hard thresholding
schemes [15]. Indeed, if we define ∆i(x) ∈ Rni as follows:
(∆i(x))(j) =
Mi
2
|x(j) − (1/Mi)∇(j)f(x)|2,(3.1)
then the iteration of (RCD-IHT) method becomes:
xk+1(j) =
{
xk(j) − 1Mik∇(j)f(x
k), if (∆ik(xk))(j) ≥ λik
0, if (∆ik(xk))(j) ≤ λik ,
for all j ∈ Sik . Note that if at some iteration λik = 0, then the iteration of algorithm
(RCD-IHT) is identical with the iteration of the usual random block coordinate gradi-
ent descent method [22,25]. Further, our algorithm has, in this case, similarities with
the iterative hard thresholding algorithm (IHTA) analyzed in [15]. For completeness,
we also present the algorithm (IHTA).
Algorithm (IHTA). [15]
1. Choose Mf > Lf . For k ≥ 0 do:
2. xk+1 = argminy∈Rn f(xk) + 〈∇f(xk), y − xk〉+ Mf2 ‖y − xk‖2 + ‖y‖0,λ,
or equivalently for each component we have the update:
xk+1(j) =
{
xk(j) − 1Mf∇(j)f(xk), if
Mf
2 |xk(j) − 1Mf∇(j)f(xk)|2 ≥ λi
0, if
Mf
2 |xk(j) − 1Mf∇(j)f(xk)|2 ≤ λi,
for all j ∈ Si and i ∈ [N ]. Note that the arithmetic complexity of computing the next
iterate xk+1 in (RCD-IHT), once ∇ikf(xk) is known, is of order O(nik), which is much
lower than the arithmetic complexity per iteration O(n) of (IHTA) for N >> 1, that
additionally requires the computation of full gradient ∇f(xk). Similar derivations as
above can be derived for the general quadratic approximations uQi (yi;x,Hi) provided
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that Hi is diagonal matrix. For general matrices Hi, the corresponding algorithm
requires solving small ℓ0 regularized quadratic problems of dimensions ni.
Finally, in the particular case when we consider the exact approximation ui(yi;x) =
uei (yi;x, βi), at each iteration of our algorithm we need to perform an exact mini-
mization of the objective function f w.r.t. one randomly chosen (block) coordinate.
If λik = 0, then the iteration of algorithm (RCD-IHT) requires solving a small di-
mensional subproblem with a strongly convex objective function as in the classical
proximal block coordinate descent method [12]. In the case when λik > 0 and ni > 1,
this subproblem is nonconvex and usually hard to solve. However, for certain particu-
lar cases of the function f and ni = 1 (i.e. scalar case n = N), we can easily compute
the solution of the small dimensional subproblem in algorithm (RCD-IHT). Indeed,
for x ∈ Rn let us define:
vi(x) = x+ Uihi(x), where hi(x) = arg min
hi∈R
f(x+ Uihi) +
βi
2
‖hi‖2
∆i(x) = f(x− Uixi) + βi
2
‖xi‖2 − f(vi(x)) − βi
2
‖(vi(x))i − xi‖2 ∀i ∈ [n].(3.2)
Then, it can be seen that the iteration of (RCD-IHT) in the scalar case for the exact
approximation uei (yi;x, βi) has the following form:
xk+1ik =
{
(vik (xk))ik , if ∆
ik(xk) ≥ λik
0, if ∆ik(xk) ≤ λik .
In general, if the function f satisfies Assumption 1.1, computing vik(xk) at each
iteration of (RCD-IHT) requires the minimization of an unidimensional convex smooth
function, which can be efficiently performed using unidimensional search algorithms.
Let us analyze the least squares settings in order to highlight the simplicity of the
iteration of algorithm (RCD-IHT) in the scalar case for the approximation uei (yi;x, βi).
Example 3.1. Let A ∈ Rm×n, b ∈ Rm and f(x) = 12‖Ax − b‖2. In this case
(recall that we consider ni = 1 for all i) we have the following expression for ∆
i(x):
∆i(x) =
1
2
‖r −Aixi‖2 + βi
2
‖xi‖2 − 1
2
∥∥∥∥r
(
Im − AiA
T
i
‖Ai‖2 + βi
)∥∥∥∥2 − βi2
∥∥∥∥ ATi r‖Ai‖2 + βi
∥∥∥∥2 ,
where r = Ax − b. Under these circumstances, the iteration of (RCD-IHT) has the
following closed form expression:
(3.3) xk+1ik =

xkik −
ATik
rk
‖Aik‖2+βik
, if ∆ik(xk) ≥ λik
0, if ∆ik(xk) ≤ λik .
In the sequel we use the following notations for the entire history of index choices, the
expected value of objective function f w.r.t. the entire history and for the support of
the sequence xk:
ξk = {i0, . . . , ik−1}, fk = E[f(xk)], Ik = I(xk).
Due to the randomness of algorithm (RCD-IHT), at any iteration k with λik > 0, the
sequence Ik changes if one of the following situations holds for some j ∈ Sik :
(i) xk(j) = 0 and (T
u
ik(x
k))(j) 6= 0
(ii) xk(j) 6= 0 and (T uik(xk))(j) = 0.
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In other terms, at a given moment k with λik > 0, we expect no change in the
sequence Ik of algorithm (RCD-IHT) if there is no index j ∈ Sik satisfying the above
corresponding set of relations (i) and (ii). We define the notion of change of Ik in
expectation at iteration k, for algorithm (RCD-IHT) as follows: let xk be the sequence
generated by (RCD-IHT), then the sequence Ik = I(xk) changes in expectation if the
following situation occurs:
(3.4) E[|Ik+1 \ Ik|+ |Ik \ Ik+1| | xk] > 0,
which implies (recall that we consider uniform probabilities for the index selection):
P
(|Ik+1 \ Ik|+ |Ik \ Ik+1| > 0 | xk) ≥ 1
N
.
In the next section we show that there is a finite number of changes of Ik in expectation
generated by algorithm (RCD-IHT) and then, we prove global convergence of this
algorithm, in particular we show that the limit points of the generated sequence
converges to strong local minima from the class of points Lu.
4. Global convergence analysis. In this section we analyze the descent prop-
erties of the previously introduced family of coordinate descent algorithms under
Assumptions 1.1 and 2.2. Based on these properties, we establish the nature of the
limit points of the sequence generated by Algorithm (RCD-IHT). In particular, we
derive that any accumulation point of this sequence is almost surely a local mini-
mum which belongs to the class Lu. Note that the classical results for any iterative
algorithm used for solving general nonconvex problems state global convergence to
stationary points, while for the ℓ0 regularized nonconvex and NP-hard problem (1.1)
we show that our family of algorithms have the property that the generated sequences
converge to strong local minima.
In order to prove almost sure convergence results for our family of algorithms, we
use the following supermartingale convergence lemma of Robbins and Siegmund (see
e.g. [27]):
Lemma 4.1. Let vk, uk and αk be three sequences of nonnegative random variables
satisfying the following conditions:
E[vk+1|Fk] ≤ (1 + αk)vk − uk ∀k ≥ 0 a.s. and
∞∑
k=0
αk <∞ a.s.,
where Fk denotes the collections v0, . . . , vk, u0, . . . , uk, α0, . . . , αk. Then, we have
limk→∞ vk = v for a random variable v ≥ 0 a.s. and
∑∞
k=0 uk <∞ a.s.
Further, we analyze the convergence properties of algorithm (RCD-IHT). First, we
derive a descent inequality for this algorithm.
Lemma 4.2. Let xk be the sequence generated by (RCD-IHT) algorithm. Under
Assumptions 1.1 and 2.2 the following descent inequality holds:
E[F (xk+1) | xk] ≤ F (xk)− E
[µik
2
‖xk+1 − xk‖2 | xk
]
.(4.1)
Proof. From Assumption 2.2 we have:
F (xk+1) +
µik
2
‖xk+1ik − xkik‖2 ≤ uik(xk+1ik , xk) + ‖xk+1‖0,λ
≤ uik(xkik , xk) + ‖xk‖0,λ
≤ f(xk) + ‖xk‖0,λ = F (xk).
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In conclusion, our family of algorithms belong to the class of descent methods:
F (xk+1) ≤ F (xk)− µik
2
‖xk+1ik − xkik‖2.(4.2)
Taking expectation w.r.t. ik we get our descent inequality.
We now prove the global convergence of the sequence generated by algorithm (RCD-
IHT) to local minima which belongs to the restricted set of local minimizers Lu.
Theorem 4.3. Let xk be the sequence generated by algorithm (RCD-IHT). Under
Assumptions 1.1 and 2.2 the following statements hold:
(i) There exists a scalar F˜ such that:
lim
k→∞
F (xk) = F˜ a.s. and lim
k→∞
‖xk+1 − xk‖ = 0 a.s.
(ii) At each change of sequence Ik in expectation we have the following relation:
E
[µik
2
‖xk+1 − xk‖2 | xk
]
≥ δ,
where δ = 1N min
{
min
i∈[N ]:λi>0
µiλi
Mi
, min
i∈[N ],j∈Si∩supp(x0)
µi
2 |x0(j)|2
}
> 0.
(iii) The sequence Ik changes a finite number of times as k →∞ almost surely. The
sequence ‖xk‖0 converges to some ‖x∗‖0 almost surely. Furthermore, any limit point
of the sequence xk belongs to the class of strong local minimizers Lu almost surely.
Proof. (i) From the descent inequality given in Lemma (4.2) and Lemma 4.1
we have that there exists a scalar F˜ such that limk→∞ F (xk) = F˜ almost sure.
Consequently, we also have limk→∞ F (xk) − F (xk+1) = 0 almost sure and since our
method is of descent type, then from (4.2) we get
µik
2 ‖xk+1−xk‖2 ≤ F (xk)−F (xk+1),
which leads to limk→∞‖xk+1 − xk‖ = 0 almost sure.
(ii) For simplicity of the notation we denote x+ = xk+1, x = xk and i = ik. First,
we show that any nonzero component of the sequence generated by (RCD-IHT) is
bounded below by a positive constant. Let x ∈ Rn and i ∈ [N ]. From definition of
T ui (x), for any j ∈ supp(T ui (x)), the jth component of the minimizer T ui (x) of the
function ui(yi;x)+λi‖yi‖0 is denoted (T ui (x))(j). Let us define y+ = x+Ui(T ui (x)−xi).
Then, for any j ∈ supp(T ui (x)) the following optimality condition holds:
∇(j)ui(y+i ;x) = 0.(4.3)
On the other hand, given j ∈ supp(T ui (x)), from the definition of T ui (x) we get:
ui(y
+
i ;x) + λi‖y+i ‖0 ≤ ui(y+i − U(j)y+(j);x) + λi‖y+i − U(j)y+(j)‖0.
Subtracting λi‖y+i − U(j)y+(j)‖0 from both sides, leads to:
(4.4) ui(y
+
i ;x) + λi ≤ ui(y+i − U(j)y+(j);x).
Further, if we apply the Lipschitz gradient relation given in Assumption 2.2 (iii) in
the right hand side and use the optimality conditions for the unconstrained problem
solved at each iteration, we get:
ui(y
+
i − U(j)y+(j);x) ≤ ui(y+i ;x)− 〈∇(j)ui(y+i ;x), y+(j)〉 +
Mi
2
|y+(j)|2
(4.3)
= ui(y
+
i ;x) +
Mi
2
|y+(j)|2.
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Combining with the left hand side of (4.4) we get:
(4.5) |(T ui (x))(j)|2 ≥
2λi
Mi
∀j ∈ supp(T ui (x)).
Replacing x = xk for k ≥ 0, it can be easily seen that, for any j ∈ supp(xki ) and
i ∈ [N ], we have:
|xk(j)|2
{
≥ 2λiMi , if xk(j) 6= 0 and i ∈ ξk
= |x0(j)|2, if xk(j) 6= 0 and i /∈ ξk.
Further, assume that at some iteration k > 0 a change of sequence Ik in expectation
occurs. Thus, there is an index j ∈ [n] (and block i containing j) such that either(
xk(j) = 0 and
(
T ui (x
k)
)
(j)
6= 0
)
or
(
xk(j) 6= 0 and
(
T ui (x
k)
)
(j)
= 0
)
. Analyzing these
cases we have:
‖T ui (xk)− xki ‖2 ≥
∣∣∣(T ui (xk))(j) − xk(j)∣∣∣2


≥ 2λiMi if xk(j) = 0
≥ 2λiMi if xk(j) 6= 0 and i ∈ ξk
= |x0(j)|2 if xk(j) 6= 0 and i /∈ ξk.
Observing that under uniform probabilities we have:
E
[µik
2
‖xk+1 − xk‖2|xk
]
=
1
N
N∑
i=1
µi
2
‖T ui (xk)− xki ‖2,
we can conclude that at each change of sequence Ik in expectation we get:
E
[µik
2
‖xk+1 − xk‖2|xk
]
≥ 1
N
min
{
min
i∈[N ]:λi>0
µiλi
Mi
, min
i∈[N ],j∈Si∩supp(x0)
µi
2
|x0(j)|2
}
.
(iii) From lim
k→∞
‖xk+1 − xk‖ = 0 a.s. we have lim
k→∞
E
[‖xk+1 − xk‖ | xk] = 0 a.s. On
the other hand from part (ii) we have that if the sequence Ik changes in expectation,
then E[‖xk+1 − xk‖2 | xk] ≥ δ > 0. These facts imply that there are a finite number
of changes in expectation of sequence Ik, i.e. there exist K > 0 such that for any
k > K we have Ik = Ik+1.
Further, if the sequence Ik is constant for k > K, then we have Ik = I∗ and ‖xk‖0,λ =
‖x∗‖0,λ for any vector x∗ satisfying I(x∗) = I∗. Also, for k > K algorithm (RCD-
IHT) is equivalent with the classical random coordinate descent method [12], and thus
shares its convergence properties, in particular any limit point of the sequence xk is
a minimizer on the coordinates I∗ for minx∈SI∗ f(x). Therefore, if the sequence I
k is
fixed, then we have for any k > K and ik ∈ Ik:
(4.6) uik(x
k+1
ik
;xk)+‖xk+1‖0,λ ≤ uik(yik ;xk)+‖xk+Uik(yik−xkik)‖0,λ ∀yik ∈ Rnik .
On the other hand, denoting with x∗ an accumulation point of xk, taking limit in
(4.6) and using that ‖xk‖0,λ = ‖x∗‖0,λ as k →∞, we obtain the following relation:
F (x∗) ≤ min
yi∈Rni
u(yi;x
∗) + ‖x∗ + Ui(yi − x∗i )‖0,λ a.s.
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for all i ∈ [N ] and thus x∗ is the minimizer of the previous right hand side expression.
Using the definition of local minimizers from the set Lu, we conclude that any limit
point x∗ of the sequence xk belongs to this set, which proves our statement.
It is important to note that the classical results for any iterative algorithm used for
solving nonconvex problems usually state global convergence to stationary points,
while for our algorithms we were able to prove global convergence to local minima
of our nonconvex and NP-hard problem (1.1). Moreover, if λi = 0 for all i ∈ [N ],
then the optimization problem (1.1) becomes convex and we see that our convergence
results cover also this setting.
5. Rate of convergence analysis. In this section we prove the linear conver-
gence in probability of the random coordinate descent algorithm (RCD-IHT) under
the additional assumption of strong convexity for function f with parameter σ and
for the scalar case, i.e. we assume ni = 1 for all i ∈ [n] = [N ]. Note that, for al-
gorithm (RCD-IHT) the scalar case is the most practical since it requires solving a
simple unidimensional convex subproblem, while for ni > 1 it requires the solution
of a small NP-hard subproblem at each iteration. First, let us recall that complex-
ity results of random block coordinate descent methods for solving convex problems
f∗ = minx∈Rn f(x), under convexity and Lipschitz gradient assumptions on the ob-
jective function, have been derived e.g. in [12], where the authors showed sublinear
rate of convergence for a general class of coordinate descent methods. Using a sim-
ilar reasoning as in [12, 24], we obtain that the randomized version of the general
block coordinate descent method, in the strongly convex case, presents a linear rate
of convergence in expectation of the form:
E[f(xk)− f∗] ≤ (1− θ)k (f(x0)− f∗) ,
where θ ∈ (0, 1). Using the strong convexity property for f we have:
(5.1) E
[‖xk − x∗‖] ≤ (1− θ)k/2√ 2
σ
(f(x0)− f∗) ∀x ∈ X∗f ,
where we recall that we denote X∗f = argminx∈Rn f(x). For attaining an ǫ-
suboptimality this algorithm has to perform the following number of iterations:
(5.2) k ≥ 2
θ
log
1
ǫ
√
2 (f(x0)− f∗)
σ
.
In order to derive the rate of convergence in probability for algorithm (RCD-IHT), we
first define the following notion which is a generalization of relations (3.1) and (3.2)
for ui(yi, x) = u
q
i (yi, x,Mi) and ui(yi, x) = u
e
i (yi, x, βi), respectively:
vi(x) = x+ Ui(hi(x)− xi), where hi(x) = arg min
yi∈R
ui(yi;x)(5.3)
∆i(x) = ui(0;x)− ui(hi(x);x).(5.4)
We make the following assumption on functions ui and consequently on ∆
i(x):
Assumption 5.1. There exist some positive constants Ci and Di such that the
approximation functions ui satisfy for all i ∈ [n]:
|∆i(x)−∆i(z)| ≤ Ci‖x− z‖+Di‖x− z‖2 ∀x ∈ Rn, z ∈ Tf
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and
min
z∈Tf
min
i∈[n]
|∆i(z)− λi| > 0.
Note that if f is strongly convex, then the set Tf of basic local minima has a finite
number of elements. Next, we show that this assumption holds for the most important
approximation functions ui (recall that u
q
i = u
Q
i in the scalar case ni = 1).
Lemma 5.2. Under Assumption 1.1 the following statements hold:
(i) If we consider the separable quadratic approximation ui(yi;x) = u
q
i (yi;x,Mi), then:
|∆i(x)−∆i(z)| ≤Mivimax
(
1 +
Lf
Mi
)
‖x− z‖+ Mi
2
(
1 +
Lf
Mi
)2
‖x− z‖2,
for all x ∈ Rn and z ∈ Tf , where we have defined vimax as follows vimax =
max{‖(vi(y))i‖ : y ∈ Tf} for all i ∈ [n].
(ii) If we consider the exact approximation ui(yi;x) = u
e
i (yi;x, βi), then we have:
|∆i(x)−∆i(z)| ≤ γi‖x− z‖+ Lf + βi
2
‖x− z‖2,
for all x ∈ Rn and z ∈ Tf , where we have defined γi as follows γi = max{‖∇f(y −
Uiyi)‖+ ‖∇f(vi(y))‖ + βi‖yi‖ : y ∈ Tf} for all i ∈ [n].
Proof. (i) For the separable quadratic approximation ui(yi;x) = u
q
i (yi;x,Mi),
using the definition of ∆i(x) and vi(x) given in (5.3)–(5.4) (see also (3.1)), we get:
∆i(x) =
Mi
2
‖xi − 1
Mi
∇if(x)‖2 = Mi
2
‖(vi(x))i‖2.(5.5)
Then, since ‖∇if(x) − ∇if(z)‖ ≤ Lf‖x − z‖ and using the property of the norm
|‖a‖ − ‖b‖| ≤ ‖a− b‖ for any two vectors a and b, we obtain:
|∆i(x) −∆i(z)| = Mi
2
∣∣‖(vi(x))i‖2 − ‖(vi(z))i‖2∣∣
≤ Mi
2
∣∣‖(vi(x))i‖ − ‖(vi(z))i‖∣∣ ∣∣‖(vi(x))i‖+ ‖(vi(z))i‖∣∣
(5.5)
≤ Mi
2
(
1 +
Lf
Mi
)
‖x− z‖
(
2‖(vi(z))i‖+
(
1 +
Lf
Mi
)
‖x− z‖
)
.
(ii) For the exact approximation ui(yi;x) = u
e
i (yi;x, βi), using the definition of ∆
i(x)
and vi(x) given in (5.3)–(5.4) (see also (3.2)), we get:
∆i(x) = f(x− Uixi)− f(vi(x)) + βi
2
‖xi‖2 − βi
2
‖(vi(x))i − xi‖2.
Then, using the triangle inequality we derive the following relation:
|∆i(x) −∆i(z)| ≤
∣∣∣f(x− Uixi)− f(z − Uizi) + f(vi(z))− f(vi(x))
+
βi
2
‖(vi(z))i − zi‖2 − βi
2
‖(vi(x))i − xi‖2
∣∣∣+ ∣∣∣βi
2
‖xi‖2 − βi
2
‖zi‖2
∣∣∣.
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For simplicity, we denote:
δ1i(x, z) =f(x− Uixi)− f(z − Uizi) + f(vi(z))− f(vi(x))
+
βi
2
‖(vi(z))i − zi‖2 − βi
2
‖(vi(x))i − xi‖2
δ2i(x, z) =
βi
2
‖xi‖2 − βi
2
‖zi‖2.
In order to bound ∆i(x)−∆i(z), it is sufficient to find upper bounds on |δ1i(x, z)| and
|δ2i(x, z)|. For a bound on |δ1i(x, z)| we use |δ1i(x, y)| = max{δ1i(x, y),−δ1i(x, y)}.
Using the optimality conditions for the map vi(x) and convexity of f we obtain:
f(vi(x)) ≥ f(vi(z)) + 〈∇f(vi(z)), vi(x) − vi(z)〉
=f(vi(z))+〈∇f(vi(z)), x−z〉+〈∇if(vi(z)), ((vi(x))i−xi)−((vi(z))i−zi)〉
=f(vi(z))+〈∇f(vi(z)), x−z〉−βi〈(vi(z))i−zi, ((vi(x))i−xi)−((vi(z))i−zi)〉
= f(vi(z)) + 〈∇f(vi(z)), x− z〉+ βi
2
‖(vi(z))i − zi‖2
+
βi
2
‖(vi(z))i − zi‖2 − βi〈(vi(z))i − zi, (vi(x))i − xi〉
= f(vi(z)) + 〈∇f(vi(z)), x− z〉+ βi
2
‖(vi(z))i − zi‖2
+
βi
2
‖(vi(z))i − zi − ((vi(x))i − xi)‖2 − βi
2
‖(vi(x))i − xi‖2
≥f(vi(z))+βi
2
‖(vi(z))i−zi‖2− βi
2
‖(vi(x))i−xi‖2−‖∇f(vi(z))‖‖x−z‖,
where in the last inequality we used the Cauchy-Schwartz inequality. On the other
hand, from the global Lipschitz continuous gradient inequality we get:
f(x− Uixi) ≤ f(z − Uizi) + ‖∇f(z − Uizi)‖‖x− z‖+ Lf
2
‖x− z‖2.
From previous two relations we obtain:
(5.6) δ1i(x, z) ≤
(‖∇f(z − Uizi)‖+ ‖∇f(vi(z))‖) ‖x− z‖+ Lf
2
‖x− z‖2.
In order to obtain a bound on −δ1i(x, z) we observe that:
f(vi(x)) +
βi
2
‖(vi(x))i − xi‖2 − f(vi(z))− βi
2
‖(vi(z))i − zi‖2
≤ f(x+ Ui((vi(z))i − zi))− f(vi(z))
≤ ‖∇f(vi(z))‖‖x− z‖+ Lf
2
‖x− z‖2,(5.7)
where in the last inequality we used the Lipschitz gradient relation and Cauchy-
Schwartz inequality. Also, from the convexity of f and the Cauchy-Schwartz inequality
we get:
(5.8) f(x− Uixi) ≥ f(z − Uizi)− ‖∇f(z − Uizi)‖‖x− z‖.
Combining now the bounds (5.7) and (5.8) we obtain:
(5.9) − δ1i(x, z) ≤
(‖∇f(z − Uizi)‖ + ‖∇f(vi(z))‖) ‖x− z‖+ Lf
2
‖x− z‖2.
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Therefore, from (5.6) and (5.9) we obtain a bound on δ1i(x, z):
(5.10) |δ1i(x, z)| ≤
(‖∇f(z − Uizi)‖ + ‖∇f(vi(z))‖) ‖x− z‖+ Lf
2
‖x− z‖2.
Regarding the second quantity δ2i(x, z), we observe that:
|δ2i(x, z)| = βi
2
∣∣∣‖xi‖+ ‖zi‖∣∣∣∣∣∣‖xi‖ − ‖zi‖∣∣∣ = βi
2
∣∣∣‖xi‖ − ‖zi‖+ 2‖zi‖∣∣∣∣∣∣‖xi‖ − ‖zi‖∣∣∣
≤ βi
2
(‖x− z‖+ 2‖zi‖) ‖x− z‖.(5.11)
From the upper bounds on |δ1i(x, z)| and |δ2i(x, z)| given in (5.10) and (5.11), respec-
tively, we obtained our result.
We further show that the second part of Assumption 5.1 holds for the most important
approximation functions ui.
Lemma 5.3. Under Assumption 1.1 the following statements hold:
(i) Considering the separable quadratic approximation ui(yi;x) = u
q
i (yi;x,Mi),
then for any fixed z ∈ Tf there exist only two values of parameter Mi satisfying
|∆i(z)− λi| = 0.
(ii) Considering the exact approximation ui(yi;x) = u
e
i (yi;x, βi), then for any fixed
z ∈ Tf , there exists a unique βi satisfying |∆i(z)− λi| = 0.
Proof. (i) For the approximation ui(yi;x) = u
q
i (yi;x,Mi) we have:
∆i(z) =
Mi
2
‖zi − 1
Mi
∇if(z)‖2.
Thus, we observe that ∆i(z) = λi is equivalent with the following relation:
‖zi‖2
2
M2i − (〈∇if(z), zi〉+ λi)Mi +
‖∇if(z)‖2
2
= 0.
which is valid for only two values of Mi.
(ii) For the approximation ui(yi;x) = u
e
i (yi;x, βi) we have:
∆i(z) = f(z − Uizi) + βi
2
‖zi‖2 − f(viβ(z))−
βi
2
‖hiβ(z)− zi‖2,
where viβ(z) and h
i
β(z) are defined as in (5.3) corresponding to the exact approxi-
mation. Without loss of generality, we can assume that there exist two constants
βi > γi > 0 such that ∆
i(z) = λi. In other terms, we have:
βi
2
‖zi‖2 − f(viβ(z))−
βi
2
‖hiβ(z)− zi‖2 =
γi
2
‖zi‖2 − f(viγ(z))−
γi
2
‖hiγ(z)− zi‖2.
We analyze two possible cases. Firstly, if zi = 0, then the above equality leads to the
following relation:
f(viβ(z)) +
βi
2
‖hiβ(z)‖2 = f(viγ(z)) +
γi
2
‖hiγ(z)‖2
≤ f(viβ(z)) +
γi
2
‖hiβ(z)‖2,
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which implies that βi ≤ γi, that is a contradiction. Secondly, assuming zi 6= 0 we
observe from optimality of hiβ(z) that:
(5.12)
βi
2
‖zi‖2 − f(viβ(z))−
βi
2
‖hiβ(z)− zi‖2 ≥
βi
2
‖zi‖2 − f(z).
On the other hand, taking into account that z ∈ Tf we have:
(5.13)
γi
2
‖zi‖2 − f(viγ(z))−
γi
2
‖hiγ(z)− zi‖2 ≤
γi
2
‖zi‖2 − f(z).
From (5.12) and (5.13) we get βi ≤ γi, thus implying the same contradiction.
We use the following notations:
Cmax = max
1≤i≤n
Ci, Dmax = max
1≤i≤n
Di, α˜ = min
z∈Tf
min
i∈[n]
|∆i(z)− λi|.
Since the cardinality of basic local minima Tf is finite for strongly convex functions f ,
then there is a finite number of possible values for |∆i(z)−λi|. Therefore, from previ-
ous lemma we obtain that α˜ = 0 for a finite number of values of parameters (Mi, µi)
of the approximations ui = u
q
i or ui = u
e
i . We can reason in a similar fashion for
general approximations ui, i.e. that α˜ = 0 for a finite number of values of parameters
(Mi, µi) of the approximations ui satisfying Assumption 2.2. In conclusion, choosing
randomly at an initialization stage of our algorithm the parameters (Mi, µi) of the
approximations ui, we can conclude that α˜ > 0 almost sure.
Further, we state the linear rate of convergence with high probability for algorithm
(RCD-IHT). Our analysis will employ ideas from the convergence proof of determin-
istic iterative hard thresholding method in [15]. However, the random nature of our
family of methods and the properties of the approximation functions ui require a new
approach. We use the notation kp for the iterations when a change in expectation of
Ik occurs, as given in the previous section. We also denote with F ∗ the global optimal
value of our original ℓ0 regularized problem (1.1).
Theorem 5.4. Let xk be the sequence generated by the family of algorithms
(RCD-IHT) under Assumptions 1.1, 2.2 and 5.1 and the additional assumption of
strong convexity of f with parameter σ. Denote with κ the number of changes in
expectation of Ik as k → ∞. Let x∗ be some limit point of xk and ρ > 0 be some
confidence level. Considering the scalar case ni = 1 for all i ∈ [n], the following
statements hold:
(i) The number of changes in expectation κ of Ik is bounded by
⌈
E[F (x0)−F (x∗)]
δ
⌉
,
where δ is specified in Theorem 4.3 (ii).
(ii) The sequence xk converges linearly in the objective function values with high
probability, i.e. it satisfies P
(
F (xk)− F (x∗) ≤ ǫ) ≥ 1 − ρ for k ≥ 1θ log ω˜ρǫ , where
ω˜ = 2ω(F (x0) − F ∗), with ω =
{
max
t∈R
αt− βt2 : 0 ≤ t ≤
⌊
E[F (x0)−F (x∗)]
δ
⌋}
, β =
δ
2(F (x0)−F∗) , α =
(
log
[
2(F (x0)− F ∗)] + 2 log 2N√
σξ
− δ2(F (x0)−F∗) + θ
)
and ξ =
1
2
(√
C2max
D2max
+ α˜Dmax −
Cmax
Dmax
)
.
Proof. (i) From (4.1) and Theorem 4.3 (ii) it can be easily seen that:
δ ≤ E
[
µikp
2
‖xkp+1 − xkp‖2
∣∣∣xkp] ≤ F (xkp)− E[F (xkp+1)|xkp ]
≤ F (xkp)− E[F (xkp+1 )|xkp ].
20 A. Patrascu and I. Necoara
Taking expectation in this relation w.r.t. the entire history ξkp we get the bound:
δ ≤ E [F (xkp)− F (xkp+1)] . Further, summing up over p ∈ [κ] we have:
κδ ≤ E [F (xk1 )− F (xkκ+1)] ≤ E [F (x0)− F (x∗)] ,
i.e. we have proved the first part of our theorem.
(ii) In order to establish the linear rate of convergence in probability of algorithm
(RCD-IHT), we first derive a bound on the number of iterations performed between
two changes in expectation of Ik. Secondly, we also derive a bound on the number
of iterations performed after the support is fixed (a similar analysis for deterministic
iterative hard thresholding method was given in [15]). Combining these two bounds,
we obtain the linear convergence of our algorithm. Recall that for any p ∈ [κ], at
iteration kp + 1, there is a change in expectation of I
kp , i.e.
E[|Ikp \ Ikp+1|+ |Ikp+1 \ Ikp |
∣∣∣ xkp ] > 0,
which implies that
P
(|Ikp \ Ikp+1|+ |Ikp+1 \ Ikp | > 0|xkp) = P (Ikp 6= Ikp+1|xkp) ≥ 1
n
and furthermore
(5.14) P
(|Ikp \ Ikp+1|+ |Ikp+1 \ Ikp | = 0|xkp) = P (Ikp = Ikp+1|xkp) ≤ n− 1
n
.
Let p be an arbitrary integer from [κ]. Denote xˆ∗ = arg min
x∈S
I
kp
f(x) and fˆ∗ =
E
[
f(xˆ∗) | xkp−1+1].
Assume that the number of iterations performed between two changes in expectation
satisfies:
(5.15) kp − kp−1 > 1
θ
(
log
[
2(F (x0)− F ∗ − (p− 1)δ)]+ 2 log 2n√
σξ
)
+ 1,
where we recall that σ is the strong convexity parameter of f . For any k ∈ [kp−1+1, kp]
we denote fk = E[f(xk) | xkp−1+1]. From Lemma 4.2 and Theorem 4.3 we have:
fkp−1+1− fˆ∗ ≤ E[F (xkp−1+1) | xkp−1+1]−E[F (xˆ∗) | xkp−1+1] ≤ F (x0)− (p−1)δ−F ∗,
so that we can claim that (5.15) implies
(5.16) kp − kp−1 > 2
θ
log
2
√
2(fkp−1+1 − fˆ∗)n
√
σξ
+ 1 ≥ 2
θ
log
√
2n(fkp−1+1 − fˆ∗)
√
σξ(
√
n−√n− 1) + 1.
We show that under relation (5.16), the probability (5.14) does not hold. First, we
observe that between two changes in expectation of Ik, i.e. k ∈ [kp−1 + 1, kp], the
algorithm (RCD-IHT) is equivalent with the randomized version of coordinate descent
method [12, 24] for strongly convex problems. Therefore, the method has linear rate
of convergence (5.1), which in our case is given by the following expression:
E
[‖xk−xˆ∗‖ | xkp−1+1]≤(1−θ)(k−kp−1−1)/2√ 2
σ
(
fkp−1+1 − fˆ∗
)
,
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for all k ∈ [kp−1 + 1, kp]. Taking k = kp, if we apply the complexity estimate (5.2)
and use the bound (5.16), we obtain:
E
[‖xkp − xˆ∗‖ | xkp−1+1] ≤ (1− θ)(kp−kp−1−1)/2√ 2
σ
(
fkp−1+1 − fˆ∗
)
<ξ
(
1−
√
n−1
n
)
.
From the Markov inequality, it can be easily seen that we have:
P
(‖xkp − xˆ∗‖ < ξ | xkp−1+1) = 1− P (‖xkp − xˆ∗‖ ≥ ξ | xkp−1+1) >√1− 1
n
.
Let i ∈ [N ] such that λi > 0. From Assumption 5.1 and definition of parameter ξ we
see that the event ‖xkp − xˆ∗‖ < ξ implies:
|∆i(xkp)−∆i(xˆ∗)| ≤ Cmax‖xkp − xˆ∗‖+Dmax‖xkp − xˆ∗‖2 < α˜ ≤ |∆i(xˆ∗)− λi|.
The first and the last terms from the above inequality further imply:{
|∆i(xkp)| > λi, if |∆i(xˆ∗)| > λi
|∆i(xkp)| < λi, if |∆i(xˆ∗)| < λi,
or equivalently Ikp+1 = Iˆ∗ = {j ∈ [n] : λj = 0} ∪
{
i ∈ [n] : λi > 0, |∆i(xˆ∗)| > λi
}
. In
conclusion, if (5.16) holds, then we have:
P
(
Ikp+1 = Iˆ∗ | xkp−1+1
)
>
√
1− 1
n
.
Applying the same procedure as before for iteration k = kp − 1 we obtain:
P
(
Ikp = Iˆ∗ | xkp−1+1
)
>
√
1− 1
n
.
Considering the events {Ikp = Iˆ∗} and {Ikp+1 = Iˆ∗} to be independent (according to
the definition of kp), we have:
P
({
Ikp+1 = Iˆ∗
}
∩
{
Ikp = Iˆ∗
}
| xkp−1+1
)
= P
(
Ikp+1 = Ikp | xkp−1+1) > n− 1
n
,
which contradicts the assumption P
(
Ikp = Ikp+1 | xkp) ≤ n−1n (see (5.14) and the
definition of kp regarding the support of x).
Therefore, between two changes of support the number of iterations is bounded by:
kp − kp−1 ≤ 1
θ
(
log
[
2(F (x0)− F ∗ − (p− 1)δ)]+ 2 log 2n√
σξ
)
+ 1.
We can further derive the following:
1
θ
(
log
[
2(F (x0)− F ∗ − (p− 1)δ)]+ 2 log 2n√
σξ
)
=
1
θ
(
log
[
2(F (x0)− F ∗)
(
1− (p− 1)δ
F (x0)− F ∗
)]
+ 2 log
2n√
σξ
)
=
1
θ
(
log
[
2(F (x0)− F ∗)] + log [1− (p− 1)δ
F (x0)− F ∗
]
+ 2 log
2n√
σξ
)
≤ 1
θ
(
log
[
2(F (x0)− F ∗)] − (p− 1)δ
F (x0)− F ∗ + 2 log
2n√
σξ
)
,
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where we used the inequality log(1− t) ≤ −t for any t ∈ (0, 1). Denoting with kκ the
number of iterations until the last change of support, we have:
kκ ≤
κ∑
p=1
1
θ
(
log
[
2(F (x0)− F ∗)] − (p− 1)δ
F (x0)− F ∗ + 2 log
2n√
σξ
)
+ 1
= κ
1
θ
(
log
[
2(F (x0)− F ∗)] + 2 log 2n√
σξ
+
δ
2(F (x0)− F ∗) + θ
)
− κ
2
θ
δ
2(F (x0)− F ∗)︸ ︷︷ ︸
β
.
Once the support is fixed (i.e. after kκ iterations), in order to reach some ǫ-local
minimum in probability with some confidence level ρ, the algorithm (RCD-IHT) has
to perform additionally another
1
θ
log
fkκ+1 − f(x∗)
ǫρ
iterations, where we used again (5.2) and Markov inequality. Taking into account
that the iteration kκ is the largest possible integer at which the support of sequence
xk could change, we can bound:
fkκ+1 − f(x∗) = E[F (xkκ+1)− F (x∗)] ≤ F (x0)− F ∗ − κδ.
Thus, we obtain:
1
θ
log
fkκ+1 − f(x∗)
ǫρ
≤ 1
θ
log
F (x0)− F ∗ − κδ
ǫρ
≤ 1
θ
(
log
[
(F (x0)− F ∗)
(
1− κδ
F (x0)− F ∗
)]
− log ǫρ
)
log(1−t)≤−t
≤ 1
θ
(
log(F (x0)− F ∗)− κδ
F (x0)− F ∗ − log ǫρ
)
≤ 1
θ
(
log
F (x0)− F ∗
ǫρ
− κδ
F (x0)− F ∗
)
.
Adding up this quantity and the upper bound on kκ, we get that the algorithm
(RCD-IHT) has to perform at most
1
θ
(
ακ− βκ2 + log F (x
0)− F ∗
ǫρ
)
≤ 1
θ
(
ω + log
F (x0)− F ∗
ǫρ
)
iterations in order to attain an ǫ-suboptimal point with probability at least ρ, which
proves the second statement of our theorem.
Note that we have obtained global linear convergence for our family of random coor-
dinate descent methods on the class of ℓ0 regularized problems with strongly convex
objective function f .
6. Random data experiments on sparse learning. In this section we ana-
lyze the practical performances of our family of algorithms (RCD-IHT) and compare
them with that of algorithm (IHTA) [15]. We perform several numerical tests on
sparse learning problems with randomly generated data. All algorithms were imple-
mented in Matlab code and the numerical simulations are performed on a PC with
Intel Xeon E5410 CPU and 8 Gb RAM memory.
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Sparse learning represents a collection of learning methods which seek a tradeoff
between some goodness-of-fit measure and sparsity of the result, the latter property
allowing better interpretability. One of the models widely used in machine learning
and statistics is the linear model (least squares setting). Thus, in the first set of tests
we consider sparse linear formulation:
min
x∈Rn
F (x)
(
=
1
2
‖Ax− b‖2 + λ‖x‖0
)
,
where A ∈ Rm×n and λ > 0. We analyze the practical efficiency of our algorithms in
terms of the probability of reaching a global optimal point. Due to difficulty of finding
the global solution of this problem, we consider a small model m = 6 and n = 12. For
each penalty parameter λ, ranging from small values (0.01) to large values (2), we ran
the family of algorithms (RCD-IHT), for separable quadratic approximation (denoted
(RCD-IHT-uq), for exact approximation (denoted (RCD-IHT-ue) and (IHTA) [15]
from 100 randomly generated (with random support) initial vectors. The numbers of
runs out of 100 in which each method found the global optimum is given in Table 6.1.
We observe that for all values of λ our algorithms (RC-IHT-uq) and (RCD-IHT-ue)
are able to identify the global optimum with a rate of success superior to algorithm
(IHTA) and for extreme values of λ our algorithms perform much better than (IHTA).
Table 6.1
Numbers of runs out of 100 in which algorithms (IHTA), (RCD-IHT-uq) and (RCD-IHT-ue)
found global optimum.
λ (IHTA) (RCD-IHT-uq) (RCD-IHT-ue)
0.01 95 96 100
0.07 92 92 100
0.09 43 51 70
0.15 41 47 66
0.35 24 28 31
0.8 36 43 44
1.2 29 29 54
1.8 76 81 91
2 79 86 97
In the second set of experiments we consider the ℓ2 regularized logistic loss model
from machine learning [1]. In this model the relation between the data, represented
by a random vector a ∈ Rn, and its associated label, represented by a random binary
variable y ∈ {0, 1}, is determined by the conditional probability:
P{y|a;x} = e
y〈a,x〉
1 + e〈a,x〉
,
where x denotes a parameter vector. Then, for a set of m independently drawn data
samples {(ai, yi)}mi=1, the joint likelihood can be written as a function of x. To find
the maximum likelihood estimate one should maximize the likelihood function, or
equivalently minimize the negative log-likelihood (the logistic loss):
min
x∈Rn
1
m
m∑
i=1
log
(
1 + e〈ai,x〉
)
− yi〈ai, x〉.
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Under the assumption of n ≤ m and A = [a1, . . . , am] ∈ Rn×m being full rank, it is
well known that f(·) is strictly convex. However, there are important applications
(e.g. feature selection) where these assumptions are not satisfied and the problem is
highly ill-posed. In order to compensate this drawback, the logistic loss is regularized
by some penalty term (e.g. ℓ2 norm ‖x‖22, see [1,11]). Furthermore, the penalty term
implicitly bounds the length of the minimizer, but does not promote sparse solutions.
Therefore, it is desirable to impose an additional sparsity regularizer, such as the ℓ0
quasinorm. In conclusion our problem to be minimized is given by:
min
x∈Rn
F (x)
(
=
1
m
m∑
i=1
log
(
1 + e〈ai,x〉
)
− yi〈ai, x〉+ ν
2
‖x‖2 + ‖x‖0,λ
)
,
where now f is strongly convex with parameter ν. For simulation, data were uniformly
random generated and we fixed the parameters ν = 0.5 and λ = 0.2. Once an instance
of random data has been generated, we ran 10 times our algorithms (RCC-IHT-
uq) and (RCD-IHT-ue) and algorithm (IHTA) [15] starting from 10 different initial
points. We reported in Table 6.2 the best results of each algorithm obtained over
all 10 trials, in terms of best function value that has been attained with associated
sparsity and number of iterations. In order to report relevant information, we have
measured the performance of coordinate descent methods (RCD-IHT-uq) and (RCD-
IHT-ue) in terms of full iterations obtained by dividing the number of all iterations
by the dimension n. The column F ∗ denotes the final function value attained by
the algorithms, ‖x∗‖0 represents the sparsity of the last generated point and iter
(full-iter) represents the number of iterations (the number of full iterations). Note
that our algorithms (RCD-IHT-uq) and (RCD-IHT-ue) have superior performance
in comparison with algorithm (IHTA) on the reported instances. We observe that
algorithm (RCD-IHT-ue) performs very few full iterations in order to attain best
function value amongst all three algorithms. Moreover, the number of full iterations
performed by algorithm (RCD-IHT-ue) scales up very well with the dimension of the
problem.
Table 6.2
Performance of Algorithms (IHTA), (RCD-IHT-uq), (RCD-IHT-ue)
m\n (IHTA) (RCD-IHT-uq) (RCD-IHT-ue)
F
∗ ‖x∗‖0 iter F
∗ ‖x∗‖0 full-iter F
∗ ‖x∗‖0 full-iter
20\100 1.56 23 797 1.39 21 602 -0.67 15 12
50\100 -95.88 31 4847 -95.85 31 4046 -449.99 89 12
30\200 -14.11 35 2349 -14.30 33 1429 -92.95 139 12
50\200 -0.88 26 3115 -0.98 25 2494 -13.28 83 19
70\300 -12.07 70 5849 -11.94 71 5296 -80.90 186 19
70\500 -20.60 157 6017 -19.95 163 5642 -69.10 250 16
100\500 -0.55 16 4898 -0.52 16 5869 -47.12 233 14
80\1000 13.01 197 9516 13.71 229 7073 -0.56 19 13
80\1500 5.86 75 7825 6.06 77 7372 -0.22 24 14
150\2000 26.43 418 21353 25.71 509 20093 -30.59 398 16
150\2500 26.52 672 15000 27.09 767 15000 -55.26 603 17
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